Let 2DK~, denote the complete directed multigraph with v vertices, where any two distinct vertices x and y are joined by 2 arcs (x,y) and 2 arcs (y,x). By a k-circuit we mean a directed cycle of length k. In this paper, we consider the problem of finding maximal packings and minimal coverings of 2DKv with k-circuits. In particular, we completely determine the packing number and covering number for the cases k --3 and 4.
I. Introduction
If G is a graph, let DG be the directed graph obtained by replacing each edge ab of G with the two arcs (a,b) and (b,a) . In particular, we denote by 2DKL. the complete directed multigraph with v vertices where any two distinct vertices x and y are joined by 2 arcs (x,y) and 2 arcs (y,x). When ). = 1, we drop the notation 2 and write DK~ for 2DK~.
In the last 30 years, there has been much interest in decomposing the complete multigraph )~K,, into edge-disjoint copies of a graph G. The most popular choices for G have been a complete graph (block designs) and a cycle. This problem has also been studied in the context of directed graphs (see, for example, [2] [3] [4] [5] [6] [7] ).
A decomposition of 2DKv into arc-disjoint k-circuits (directed cycles of length k) is, by definition, a (v,k, 2)-Mendelsohn design (briefly (v,k, 2)-MD). In particular, a decomposition of 2DK~ into 3-circuits is equivalent to a perfect (v, 3, 2)-MD. We refer to a decomposition of 2DKv into k-circuits as a k-circuit design of 2DK~. A similar terminology applies to DKm, n, the complete bipartite directed graph with vertex set Xl II X2 where Y 1 and X 2 are disjoint and ]Xll = m, I)(21 = n.
The following two known results can be found in [4, 5] . As a natural generalization of a circuit design, we introduce the notions of packings and coverings of )~DKL, by circuits. A packing (covering) of )~DK~ by k-circuits is defined to be a collection ~ of k-circuits of ).DKv such that any two distinct vertices x and y of 2DK~ are linked by an arc from x to y in at most (at least) 2 circuits of D.
If no other such packing (covering) has more (fewer) circuits, the packing (covering) is said to be maximum (minimum), and the number of circuits in a maximum packing (a minimum covering) is called the packing number (the covering number), denoted by P~. (v,k) (C~(v,k) ). The main problem here is to determine the values of P¢~ (v,k) and
where v>~k, and where Lx] denotes the greatest integer y such that y<~x and Ix7 denotes the least integer y such that y ~>x. It is easy to see that the following inequalities hold:
In this paper, we shall be concerned with the cases k = 3 and 4, where we present a complete solution to the problem. For convenience, we state the main results of this paper. The following theorem is proved in Section 2 and establishes the conclusive result for both the packing number P~,(v, 3) and the covering number C~, (v, 3 
Packings and coverings of kDK~ by 3-circuits
In this section, we shall completely determine the packing number P;. 
. with v different integers f(x), f(y), f(z) .... and label each arc (u, w) with the difference f(w)-f(u).
It is obvious that the sum of three differences in any 3-circuit is zero. Consequently, all the differences from 2DK,: and the arc (x, y) will sum to zero. However, the differences from ).DK~ already sum to zero, and this implies that f(y) -f(x) = 0, which is a contradiction. It is known Proof. Since it is well known [2, 6] that there does not exist a decomposition of DK6 into 3-circuits, it follows that PI(6,3) < S1(6,3) = 10 and C1(6,3) > T1 Note that the first eight 3-circuits listed in the collection D above form a packing into DK6. We now show that there is no packing with nine 3-circuits into DK6. If not so, the differences from either DK6 or the packing for any labelling of the vertices will sum to zero. Then the differences from the remaining three arcs will also sum to zero.
We distinguish the following two cases:
(1) the three arcs are disjoint, (2) there are two arcs forming a path of length two. In case (1) suppose the three arcs are (vl,v2), (v3,v4), and (vs, v6) and vertex vi is labelled with i. We then have three differences all equal to one, which cannot sum to zero --a contradiction.
In case (2) suppose the three arcs are (Vl,V2), (v2, v3) and (vi, vj) . Label vl and v3 with 1 and 6, respectively. Label the remaining four vertices with 2, 3,4 and 5. Since
According to our labelling, we have f(vj)= 1 and f(vi)= 6. Thus (vi, vj)= (v3, vl ). In such a case, the three arcs form a 3-circuit and we obtain a decomposition of DK6 into 3-circuits, which is impossible. This establishes the result that P1(6, 3) : S1(6,3)-2 = 8 and the proof is complete. 
Packings and coverings of kDK~ by 4-circuits
In this section, we turn our attention to the determination of the packing number P).(v,4) and the covering number C~(v,4). We commence with some direct constructions. In order to obtain our main result, we also require the following known result, which is contained in [3, 5] . For the case where v ~ 2 or 3(mod4), we first deal with the case 2 = 1. In view of Lemmas 3.1 and 3.2, we may assume v~> 10. Let the vertex set of DKv be V = XL UX2 U {oc} with IXll = v-6 -q and IX=l : 5 + q where q = 0 or 1 depending on whether v = 2 or 3 (mod 4). From Lemma 3.4, there exists a 4-circuit design of DKc-6-q,5+q based on Xt UX> Since t: 6 -q -= 0 (mod 4), there also exists a 4-circuit design of DK~,-6-q+1 based on X1 LJ {vc}. Thus the maximum packing and minimum covering of DK6+q stated in Lemmas 3.1 and 3.2 can be utilized to create a packing and a covering of DK,, with Sl(v,4) and T1 (v, 4) 4-circuits, respectively. Thus the conclusion follows. When 2 > 1, constructions similar to those preceding can be applied. We can make use of a maximum packing (minimum covering) of DK, and a 4-circuit design of (2-I)DK,: to obtain the desired result. This completes the prool\
